Abstract. The Quantum Modularity Conjecture of Zagier predicts the existence of a formal power series with arithmetically interesting coefficients that appears in the asymptotics of the Kashaev invariant at each root of unity. Our goal is to construct a power series from a Neumann-Zagier datum (i.e., an ideal triangulation of the knot complement and a geometric solution to the gluing equations) and a complex root of unity ζ. We prove that the coefficients of our series lie in the trace field of the knot, adjoined a complex root of unity. We conjecture that our series are those that appear in the Quantum Modularity Conjecture and confirm that they match the numerical asymptotics of the Kashaev invariant (at various roots of unity) computed by Zagier and the first author. Our construction is motivated by the analysis of singular limits in Chern-Simons theory with gauge group SL(2, C) at fixed level k, where ζ k = 1.
1. Introduction 1.1. Quantum modular forms. Quantum modular forms are fascinating objects introduced by Zagier [Zag10] . In the simplest formulation, a quantum modular form is a complex valued function f on the set of complex roots of unity that comes equipped with a suitable formal power series expansion φ ζ ( ) ∈ C[[ ]] at each complex root of unity ζ. Usually f is given explicitly. On the other hand, the power series φ ζ , although uniquely determined by f , are not easy to obtain. One of the most interesting examples of quantum modular forms is conjectured to be the logarithm of the Kashaev invariant of a knot. This is Zagier's Quantum Modularity Conjecture [Zag10] . Evidence for this conjecture includes ample numerical computations performed by Zagier and the first author [GZ] as well as a proof in the case of the 4 1 knot [GZ] .
Our goal is to construct an explicit formula for the power series that appear in the Quantum Modularity Conjecture of a knot. We highlight some features of our results. (a) The formulas for our series φ γ,ζ ( ) use as input a complex root of unity ζ and NeumannZagier datum γ, i.e., an ideal triangulation of a knot complement and a geometric solution to the gluing equations. Such a datum is readily available from SnapPy. (b) Our series have arithmetically interesting coefficients; see Theorems 2.2 and 2.6. (c) Our series lead to exact computations that match the numerically computed asymptotics of the Kashaev invariant at various roots of unity. The details of our computations are given in Section 5. (d) Our construction is motivated by the analysis of singular limits in complex Chern-Simons theory, with gauge group SL(2, C). Complex Chern-Simons theory depends on two coupling constants or levels (k, σ) ∈ (Z, C) [Wit91] , and the series φ γ,ζ ( ) at ζ = e 2πi/k is obtained by sending σ → k (while keeping k fixed). We describe this limit in greater detail in Section 4, after introducing the definition of φ γ,ζ ( ) and proving its number-theoretic properties in Sections 2-3. 
Identifying the set of complex roots of unity with Q/Z, the Kashaev invariant can be extended to a translation-invariant function on Q by
where den(a/c) = c when c > 0 and a, c are coprime. Obviously, we have J 0
The Quantum Modularity Conjecture [Zag10] predicts for each complex root of unity ζ the existence of a formal power series φ K,ζ ( ) ∈ 
where V is the complex volume of K. Furthermore, the coefficients of φ K,ζ ( ) are conjectured to be algebraic integers of the following form: (a) The coefficients of φ + K,ζ ( ) = φ K,ζ ( )/φ K,ζ (0) should be elements of the field F K (ζ), where F K is the trace field of K. (b) The constant term (under some mild assumptions on F K (ζ)) should factor as follows:
where φ K,1 (0) 2 ∈ F K (ζ), ε K is a unit (i.e., an algebraic integer of norm ±1) in F K (ζ) that depends only on the element of the Bloch group of K (and ζ), and β K,k ∈ F K (ζ). The above unit is studied in [CGZ] . For a detailed discussion of the Quantum Modularity Conjecture, we refer the reader to [Zag10] and also [GZ] where a proof for the case of the 4 1 knot (the simplest hyperbolic knot) is given.
The Quantum Modularity Conjecture includes the Volume Conjecture of Kashaev [Kas95] and its refinement to all orders of 1/N conjectured by Gukov [Guk05] and by the second author [Gar08] . Indeed, when ( a b c d ) = ( 0 −1 1 0 ) and X = N ∈ N, we obtain that
The second author and Zagier numerically computed the Kashaev invariant and its asymptotics, exposing several coefficients of the series φ K,ζ ( ) for many knots, and giving numerical confirmation of the Modularity Conjecture. The results are summarized in [GZ] .
A definition of the power series φ K,ζ ( ) in the Quantum Modularity Conjecture was missing, though. Motivated by this problem, in an earlier publication [DG13a] (inspired by [DGLZ09] ) the authors assigned to a Neumann-Zagier datum γ (i.e., to an ideal triangulation of the knot complement, a geometric solution to the gluing equations and a flattening) a power series φ γ,1 ( ) and conjectured that it coincides with the series φ K,1 ( ). One advantage of the series φ γ,1 ( ) is the exact computation of its coefficients using standard SnapPy methods [CDW] , together with finite sums of Feynman diagrams. In all cases we matched those coefficients with the numerically computed values of [GZ] . In [DG13a] , it was shown that the constant term of φ γ,1 ( ) is a topological invariant, but to date the full topological invariance of φ γ,1 ( ) is unknown.
Finally, we ought to point out a close connection between our series φ γ,ζ ( ) and • The radial asymptotics of Nahm sums at complex roots of unity. This connection was observed at ζ = 1 during conversations of the second author and Zagier in Bonn in the spring of 2012.
• The evaluations of one-dimensional state-integrals at rational points [GK13, GK14] .
• The formula for an algebraic unit attached to an element of the Bloch group of a number field and a complex root of unity, appearing in (3) [CGZ] .
These connections are not a coincidence; rather, they close a circle of ideas motivated by several years of work on asymptotics of hypergeometric sums, quantum invariants, and their geometry and physics.
2. The definition of φ γ,ζ 2.1. Ideal triangulations and Neumann-Zagier data. Ideal triangulations were introduced by Thurston as an efficient way to describe (algebraically, or numerically) 3-dimensional hyperbolic manifolds. For a leisure introduction, the reader may consult Thurston's original notes [Thu77] , the exposition of Neumann-Zagier [NZ85] and Weeks [Wee05] and the documentation of SnapPy [CDW] . The shape of a 3-dimensional hyperbolic tetrahedra is a complex number z ∈ C \ {0, 1}. Letting z = (1 − z) −1 and z = 1 − z −1 , the edges of an oriented ideal tetrahedron of shape z can be assigned complex numbers according to 
(1) (∞) (z) Figure 1 . An ideal tetrahedron with a shape assignement.
Let M be an oriented hyperbolic manifold with one cusp (for instance a hyperbolic knot complement) and T an ideal triangulation of M containing N tetrahedra. In [DG13a] the authors introduced a Neumann-Zagier datum of T . The latter is a tuple γ = (A, B, ν, z, f, f ) that consists of: (a) Two matrices A, B ∈ GL(N, Z) and a vector ν ∈ Z N encoding the coefficients of Thurston's gluing equations for the triangulation (N − 1 independent equations imposing trivial holonomy around edges, and one equation imposing parabolic holonomy around the cusp). (b) An N -tuple z = (z 1 , ..., z N ) ∈ C\{0, 1} of shape parameters, with each z i parametrizing the shape of the i-th tetrahedron, satisfying the gluing equations in the form
These provide a combinatorial flattening in the sense of [Neu92] . The integers f, f , and f = 1 − f − f also label edges of tetrahedra, with the property that the sum around any edge of the triangulation is 2. The Neumann-Zagier datum depends not just on the triangulation T but also on which edges of each tetrahedron are labelled by the distinguished shape parameter z i ; this 3 N -fold choice has been called a choice of "quad" or "gauge.".
Neumann and Zagier [NZ85] proved that (A B) forms the top half of a symplectic matrix, i.e. that AB T is symmetric and (A B) has full rank. It follows that if B is invertible, then B −1 A is symmetric. We will call a Neumann-Zagier datum Z-nondegeretate if B is invertible over the integers.
Fix a positive integer k. If γ is a Neumann-Zagier datum, let
where θ i are chosen so that θ
Observe that F G,k /F k is the abelian Galois (Kummer) extension with group G = (Z/kZ) N = σ 1 , . . . , σ N where Below, we will construct a series φ γ,ζ ( ) for the k-th root of unity ζ = exp(2πi/k). Then, after proving in Theorems 2.2 and 2.6 that the coefficients in this series belong to F k , the series φ γ,ζ p ( ) for any other k-th root of unity ζ p = exp(2πip/k) can be obtained from φ γ,ζ ( ) by a Galois automorphism.
2.2. The 1-loop invariant at level k. Fix a Z-non-degenerate Neumann-Zagier datum γ and a positive integer k. We use the notation of the previous section. For m ∈ (Z/kZ) N , we define
We also recall the cyclic quantum dilogarithm defined by Definition 2.1. With the above assumptions, the level k 1-loop invariant of γ is
Note that τ γ,k depends on the Neumann-Zagier datum γ, the k-th root of unity ζ but also on the choice of k-th roots θ i of z i . The next theorem implies that τ 2k γ,k depends only on γ and ζ, and therefore that τ γ,k is well defined modulo multiplication by a 2k-th root of unity. The proof (given in Section 3) follows from results of Zagier and the second author [GZ] via a a comparison of an arithmetic to a geometric mean over the Galois group of F G,k /F k , reminiscent of Hilbert's theorem 90.
Remark 2.3. It is easy to see that τ 2k k /τ 2k 1 is an S-unit of the ring of integers of F k where S = z, 1 − z ⊂ F * K . For an illustration, see Section 6. Remark 2.4. After replacing ζ by ζ −1 , We can give an alternative formula for the 1-loop invariant at level k as follows:
2.3.
The n-loop invariants at level k for n ≥ 2. The definition of the higher-loop invariants S γ,n,k is motivated by perturbation theory of the state-integral model for complex Chern-Simons theory, reviewed briefly in Section 4. In this section we define the higher-loop invariants using formal Gaussian integration, and in the next section we give a Feynman diagram formulation of the higher-loop invariants. Fix a Z-non-degenerate Neumann-Zagier datum γ and a positive integer k. We will use the notation of the previous section. If f : (Z/kZ) N −→ C, we define
, assuming that the denominator is nonzero. Consider the symmetric matrix
2 ]] has a formal Gaussian integration, given by
This integration, which is a standard tool of perturbation theory in physics, and may be found in numerous texts (e.g. [BIZ80] ) is defined by expanding f (x) as a series in x, and then formally integrating each monomial, using the quadratic form H −1 to contract x-indices pairwise.
The building block of each tetrahedron is the power series
For an ideal triangulation T with N tetrahedra, a natural number k, and m ∈ (Z/kZ) N , we define
Definition 2.5. We define
. Thus, we can write
We call S γ,n,k the level k, n-loop invariant of γ. We finally define In particular, the series φ + γ,ζ ( ) depends on γ, the k-th root of unity ζ, but it is independent of the choice of k-th roots θ i of z i . The above theorem is not trivial since a m (θ) is an element of the larger field F G,k , whereas the coefficients of the above average are claimed to be in the field F k . For the proof, see Section 3.
Remark 2.7. Theorems 2.2 and 2.6 remain valid if ζ denotes a fixed primitive k-th root of unity instead of ζ = e 2πi/k . Probably a better notation is S γ,n,ζ rather than S γ,n,k which is valid for all primitive k-roots of unity ζ.
2.4.
Feynman diagrams for the n-loop invariant. In this section we give a Feynman diagram formulation of the higher-loop invariants. A Feynman diagram D is a finite graph possibly with loops and multiple edges. To every edge in a Feynman diagram we associate the symmetric N × N propagator matrix
and to a vertex with valence j we associate the vertex factor Γ (j) , which is a tensor of rank j whose only nonzero entries Γ (j) 
where B n (x) are the Bernoulli polynomials, defined by te xt /(e t − 1) = n≥0 B n (x)t n /n! and F G,k (( )) denotes the ring of formal Leurent series in with coefficients in F G,k .
Note that each Γ Lemma 2.8. For a Z-non-degenerate Neumann-Zagier datum γ, we have
where the sum is over all connected diagrams D, including the empty diagram.
Using the above Lemma and Equation (22), it follows that in order to compute S γ,n for n ≥ 2, it suffices to consider the finite set of Feynman diagrams with (28) #(1-vertices) + #(2-vertices) + #(loops) ≤ n , and to truncate the formal power series in each of the vertex factors to finite order in . In the next two sections, we give axplicit formulas for the 2 and 3-loop invariants.
2.5. The 2-loop invariant in detail. The six diagrams that contribute to S γ,2 are shown in Figure 2 , together with their symmetry factors. Their evaluation gives the following formula for S γ,2,k :
where the dependence of vertex factors on m is suppressed; all the indices i and j are implicitly summed from 1 to N ; and coeff[f ( ), k ] denotes the coefficient of k in a power series f ( ). Concretely, the 2-loop contribution from the vacuum energy is
The four other vertices contribute only at leading order; abbreviatingθ i = ζ −m i −s θ i and Calculations indicate that the 3-loop invariant S γ,3,k is well defined, and invariant under 2-3 moves. The invariants τ γ,k , S γ,2,k , S γ,3,k have been programmed in Mathematica as well as in python and take as input a Neumann-Zagier datum readily available from SnapPy [CDW] .
The number of diagrams that contribute to the n-loop invariant is given in Table 1 . For large n, we expect that n! 2 C n diagrams contribute to the n-loop invariant. It would be nice to find a more efficient computation. n 2 3 4 5 6 g n 6 40 331 3700 53758 Table 1 . The number g n of graphs that contribute to the n-loop invariant for n = 2, . . . , 6.
2.7. Matching with the numerical asymptotics of the Kashaev invariant. Numerical asymptotics of the Kashaev invariant were obtained by Zagier and the second author in [GZ] for several knots, summarized in Table 2 . Our n-loop invariants at level k, presented in Section 5, agree with the numerical computations of [GZ] . This is a strong consistency test for all computational methods.
Knot
Level Loops Table 2 . Numerical asymptotics of the Kashaev invariant from [GZ] .
2.8. Topological invariance. We conjectured in the introduction that φ γ,ζ ( ) is actually a topological invariant -depending only on a knot K and the root of unity ζ, rather than on a full Neumann-Zagier datum -and thus φ γ,ζ ( ) = φ K,ζ ( ) is the series that appears in the right hand side of the Quantum Modularity Conjecture. We can now make this a bit more precise. We begin with the following experimental observations:
• For all 502 hyperbolic knots with at most 8 ideal tetrahedra in the CensusKnots, their default SnapPy triangulations are Z-nondegenerate, in the sense that there is a gauge (for a definition, see Section 2.1) for which |det B| = 1.
• The default and the canonical SnapPy triangulation of the 5 2 and 6 1 knots have several gauges for which |det B| = 1. For each of the above knot we have checked that (τ γ,k ) 12k is independent of the above gauges, and that S γ,2,k is independent up to addition of Z/24k, and that S γ,3,k is independent. These are slightly better than the general ambiguities that appear in the nonperturbative level-k state-integral (see Section 4), which motivated the definitions above. Moreover, (local) triangulationinvariance of the level-k state integral suggests that S γ,n,k should be independent of triangulation and γ for all n.
We are therefore led to conjecture Conjecture 2.9. For any knot K, there exists a triangulation with a non-degenerate Neumann-Zagier datum γ. The series φ γ,ζ ( ) is independent of the choice of triangulation and γ, up to multiplication by ζ 1 12 and e /24k . Modulo these ambiguities, φ γ,ζ ( ) = φ K,ζ ( ) equals the series on the right hand side of the Quantum Modularity Conjecture.
Note that if F k does not contain a primitive third root of unity (for example, if F is sufficiently generic and 3 k) then topological invariance of (τ k ) 12k together with Theorem 2.2 implies topological invariance of (τ k ) 4k .
3. Proofs 3.1. Proof of Theorem 2.6. First, we need to prove that the summation in Equation (12) is well-defined over the set (Z/kZ) N . This was observed in [GZ] and uses the fact that θ k is a solution to the Neumann-Zagier equations.
Lemma 3.1. [GZ] The summation in Equation (12) is k-periodic.
Proof. We need to show that
This follows from the definition of a m (θ) given in Equation (10), the fact that z is a solution to the Neumann-Zagier equations, and Lemma 3.3 for the cyclic dilogarithm.
To prove Theorem 2.6, recall the Galois extension F G,k /F k , and the element a m (θ) of F G,k . Let σ j denote the j-th generator of the Galois group from Equation (9), and let
The next lemma was observed in [GZ] .
Lemma 3.2.
[GZ] For all m we have:
Proof. It suffices to show that the left hand side of the above equation is independent of m, since the right hand side is the value at m = 0. To prove this claim, we compute
We focus on the m-dependent part of each of the 4 fractions. Obviously, e ±πiB −1 ν·m e ±πiB −1 ν·(m+e j ) = (term independent of m) . Next,
Splitting the product of the third fraction to the case when j = i and the case when j = i implies that
Using the identity (ζθ
and splitting the product of the fourth fraction to the case when j = i and the case when j = i implies that (ζθ
This completes the proof of the lemma.
Using the fact that the sum is m-periodic it follows that
Suppose that f (m, θ) is a rational function of θ with the property that
for all j = 1, . . . , N and all m. Then, it follows that for all m we have
Summing up, we obtain that
Equations (32) and (34) and the fact that F G,k /F k is a Galois extension imply that if f satisfies Equation (33), then Av(f (−, θ)) ∈ F k . Now observe that the vertex weights of the Feynman diagrams are Q(ζ)
3.2. Some identities of the cyclic dilogarithm.
Lemma 3.3. We have:
Proof. Parts (a) and (b) are straightforward. For (35c), use
and then apply (35a). For (35d), use
3.3. Proof of Theorem 2.2. Let us define
To begin with, we have S(θ), P k (θ) ∈ F G,k . If σ j is the j-th generator of the Galois group of F G,k /F k then Equation (32) implies that
We claim that
Combined, they show that S k (θ)P k (θ) ∈ F k which implies Theorem 2.2. To prove Equation (36), we separate the product when i = j and when i = j as follows:
On the other hand, θ k = z satisfies the Neumann-Zagier equations
Using the fact that B is unimodular, we can write the above equations in the form
In other words, for all j = 1, . . . , N we have
Combining with the above, and the definition of j (θ), concludes the proof of Equation (36).
Complex Chern-Simons theory
In this section we review in brief some of the physics of complex Chern-Simons theory, discuss the limits related to the Quantum Modularity Conjecture, and explain how to derive the definition of the series φ γ,ζ from Section 2.
4.1. Basic structure. Chern-Simons theory with complex gauge group G C (where G is a compact Lie group) was initially studied by Witten in [Wit89, Wit91] . It is a topological quantum field theory in three-dimensions, whose action is a sum of holomorphic and antiholomorphic copies of the usual Chern-Simons action
where A is a connection on a G C bundle over a 3-manifold M , and I CS (A) = M (AdA+ 2 3
A 3 ) (with additional boundary terms if M is not closed). In order for the path-integral measure exp(−iS) to be invariant under all gauge transformations of A, the levels t,t must obey the quantization condition
Additionally, the theory is unitary for σ := 1 2 (t −t) ∈ iR, and less obviously so for σ ∈ R. We will not require unitarity in the following, however.
The classical solutions of Chern-Simons theory are flat G C connections. Indeed, in the limit t,t → ∞, which corresponds to infinitely weak coupling, the partition function Z(t,t) = DA DA e −iS is dominated by flat connections
where τ (A) −2 is a Ray-Singer torsion twisted by the flat connection A and the S n are "higherloop" topological invariants. For G C = SL(2, C) and A * the hyperbolic flat connection, such an asymptotic expansion at weak coupling played a central role in the generalized Volume Conjecture [Guk05].
4.2. A singular limit. At present we are interested in a very different limit in complex Chern-Simons theory, namely (t,t) → (2k, 0), or equivalently σ → k with k ∈ Z held fixed. This is a singular limit rather than a weak coupling limit. We propose Conjecture 4.1. In the limit (t,t) → (2k, 0), the partition function of complex ChernSimons theory has an asymptotic expansion
) and I CS is the holomorphic classical Chern-Simons action. Moreover, if M = S 3 \K is a hyperbolic knot complement, G C = SL(2, C), and A * is the hyperbolic flat connection on M , then δ(A * ) = − 3 2 and the series in the Quantum Modularity Conjecture (2) at ζ = e 2πiα = e 2πi/k is
Note that, by definition, I CS (A * ) already equals the complex hyperbolic volume V , so the exponential term exp( 1 k V ) already matches on the right hand side of Equations (40) and (2).
The existence of the expansion (40) is physically far from obvious. One explanation for (40) comes from the so-called 3d-3d correspondence [TY11, DGG14] . An extension of the original correspondence relates Chern-Simons theory at level k on M to the supersymmetric partition function of an associated 3d N = 2 theory T [M ] on a lens space L(k, 1) Dim14] . The lens space is a Z k orbifold of a sphere, whose geometry has been ellipsoidally deformed such that the ratio of minimum to maximum radii is b = t /t = I CS (A * ), just as in (40). There are also some preliminary hints that the existence and structure of (40) may be explained using electric-magnetic duality in four-dimensional Yang-Mills theory, with ChernSimons theory on its boundary along the lines of [Wit11b, Wit11a] . Indeed, the electricmagnetic duality group SL(2, Z) can relate a singular limit such as (t,t) → (2k, 0) to a more standard weak-coupling limit. Electric-magnetic duality has been linked to modular phenomena in the past [VW94] , and it is tempting to believe that it could provide a physical basis for Quantum Modularity as well. We aim to explore this further in the future. In the present paper, we use the asymptotic expansion of these state integrals in the limit (t,t) → (2k, 0) to motivate the definition of the power series φ γ,ζ ( ) given in Section 2.
Before we discuss the state-integral Z γ associated to a Neumann-Zagier datum γ of an ideal triangulation, it is worth mentioning that convergence of the state-integral requires certain positivity assumptions, which are satisfied when the ideal triangulation supports a strict angle structure. This is discussed at length in [AK14a, Dim14] . In the rest of this section, we will assume that the background ideal triangulation admits such a structure. Although positivity is required for the convergence of the state-integral, the formula that we will obtain for its asymptotic expansion makes sense without any positivity assumptions.
It was shown in [Dim13, DG13a] that a Neumann-Zagier datum γ = (A, B, ν, z, f, f ) with non-degenerate matrix B leads to a state-integral partition function for SL(2, C) ChernSimons at level k = 1, given by
where the integral runs over some mid-dimensional contour in the space C N parametrized by Z = (Z 1 , ..., Z N ), and Z [∆](Z i ) is a quantum dilogarithm function associated to every tetrahedron, given for ( ) < 0 by
This function has an asymptotic expansion as → 0,
Using Li 2 (e −(Z * +δZ) ) = Li 2 (e −Z * ) + log(1 − e −Z * )δZ + ..., it follows that at leading order in , the integrand of (42) has critical points at
which are a logarithmic version of the gluing equations. In particular, if γ is a positive Neumann-Zagier datum, then the equations are satisfied by Z * i = log(z i ) for all i = 1, . . . , N . By performing formal Gaussian integration around this "geometric" critical point, order by order in the formal parameter , we obtained in [DG13a] a diagrammatic formula for the series φ K,1 ( ).
The actual contour of integration appropriate for (42) and its level-k generalization has been carefully described in [AK14b, Dim14, AK14a] . We emphasize, however, that in order to perform a formal perturbative expansion around a given critical point, a choice of contour is irrelevant.
The level-k generalization of the state integral, as developed in [Dim14] , reads
where ζ = e 2πi k as usual, and (−ζ 1 2 )
C is understood as e
−iπ)C for any C; and
Recall some well-known facts about the asymptotic expansion of the quantum dilogarithm that can be found, for instance, in [Zag07, Sec. II.D].
Lemma 4.2. We have:
when q = e and → 0, where B n is the n-th Bernoulli number and Li n (x) = ∞ k=1 x k /n k is the n-th polylogarithm. Since x∂ x Li 2−n (x) = Li 2−n−1 (x), it follows that log (e e −(u+w) ; e ) ∞ ∼ exp ∞ n,k=0
The asymptotic expansion of Z (k) follows from its product representation,
(where we have substituted s by k − s in the second sum). Notably, the leading asymptotic
Li 2 (e −Z i ) is independent of m i . Indeed, this remains true for the entire integrand in (46). The critical points Z * of the integrand at order −1 simply satisfy the standard gluing equation (45). Let us assume that the Neumann-Zagier has all z i strictly in the upper halfplane and focus on the geometric critical point Z * = log(z). The value of the integrand at the critical point, at order −1 , then becomes (after some manipulation)
where (Z * ) = log(1 − e −Z * ) = log z . The quantity (49) appears to agree with the complex hyperbolic volume of a manifold M with Neumann-Zagier datum γ, modulo π 2 /6 [DG13a], though knowing this is unnecessary for obtaining the series φ γ,ζ . On the other hand, it is crucial for our computation that the value at the leading-order saddle point is independent of m -so all terms in the sum over m contribute equally to the higher-order asymptotics.
By using (48), or (better) the double series expansion around the critical point Z * ,
a saddle-point approximation or formal Gaussian integration of (46) leads immediately to the definition of φ γ,ζ ( ) in Section 2. Indeed, in the finite-dimensional Feynman calculus, the propagator Π is the inverse of the Hessian matrix, appearing at order −1 in the exponent of (46) as
i is the coefficient of (δZ i ) j in the exponent of (46).
4.4.
Derivation of the torsion. To illustrate how the formal Gaussian integration works, let us derive the k-twisted torsion or "1-loop invariant" τ γ,k of (12), starting from (46). Let us set ζ = e 2πi k and
i /k as usual, and work at fixed m ∈ (Z/kZ) N to start. There are two contributions to the torsion. First there is the integrand itself, evaluated at Z = Z * , keeping only terms of order 0 in the exponent:
where we have used that Li 1 (x) = − log(1 − x). Second, there is the determinant of the Hessian, coming from the leading-order Gaussian integration,
Combining these terms, using Af + Bf = ν and AZ * + B(Z * ) = iπν to rewrite
The product may be manipulated further using a 2 e 24k a 3 , a 1 , a 2 , a 3 ∈ Z .
The second and third factors affect τ k and S 2,k , respectively, in the asymptotic expansion. Higher-order terms in the expansion are unaffected. These ambiguities in the state integral are consistent with those discovered experimentally for φ γ,ζ , as discussed in Section 2.8.
Computations
5.1. How the data was computed. We use the Rolfsen notation for knots [Rol90] . SnapPy computes the Neumann-Zagier matrices of default ideal triangulations of the knots below, as well as their exact shapes and trace fields (computed for instance from the Ptolemy module of SnapPy) [GGZ15, CDW] . Given a Neumann-Zagier datum, the 2 and 3-loop invariants at level k are algebraic numbers, elements of the field F K,k = F K (ζ k ), where F K is the trace field of K and ζ k = e 2πi k . However, these numbers are obtained by sums of algebraic numbers in a much larger number field. Moreover, the 1-loop invariant at level k already contains a k-th root of elements of F K,k . This makes exact computations impractical. To produce the interesting factorization of Equation (3), and keeping in mind the ambiguities of Section 4.5 we proceed as follows. We know that x k, = τ k k /(τ k 1 ζ 24k ) ∈ F K,k for some natural number . Given this, we compute the numerical value x num k, of x k, (for several values of ) and find a value of for which there is an element x exact k, of F K,k which is reasonably close to our element. We accomplish this by the LLL algorithm [LLL82] . The Quantum Modularity Conjecture asserts that the exact element of F K,k should to have the form:
into a product of prime ideals p i , i = 1, . . . , r. If all ramification exponents e i are divisible by k, and if the prime ideals are principal p i = (℘ i ) for ℘ i ∈ F × K,k (the latter happens when the ideal class group of F K,k is trivial), then we define
It follows that ε K,k is a unit, and that (55) holds. This gives us strong confidence that x exact k, is the correct element, and that the computation is correct.
In practice, we have used a Mathematica program to compute x num k, and x exact k,
, and a Sage program (that uses internally pari-gp) to compute the ideal factorization (56).
5.2.
A sample computation. Let us illustrate our method of computation in detail with one example, the 5 2 knot with k = 7. 5 2 is a hyperbolic knot with trace field F 5 2 = Q(α) where α = 0.8774 · · · − 0.7448 . . . i is a root of (that is, the product of all Galois conjugates) and find out that:
It is encouraging that the above norm is the seventh power of an integer. But even better is the fact that we can factor the ideal generated by the above element as follows: where ε 7 ∈ F × 7 is a unit, given explicitly by the rather long expression:
2 + 38212176617858α + 58931813581928)ζ This is an answer that we can trust. There is an additional invariance property of the above unit under the Galois group of Q(ζ 7 )/Q, discussed in detail in [CGZ] .
6. Data 6.1. The 4 1 knot. The 4 1 knot is the simplest hyperbolic knot with volume 2.0298 . . . with 2 ideal tetrahedra and trace field F 4 1 = Q(α) = Q( √ −3) where α = e 2πi/6 is a root of 
is Z-nondegenerate. The 1-loop invariant at k = 1 and its norm is given by
The norm of the 1-loop of 4 1 at level k is given in (59). In the above table, we avoided the (degenerate) case when k is divisible by 3, since in those cases the trace field contains the third roots of unity. Notice that the above norms are squares of integers. This exceptional integrality may be a consequence of the fact that 4 1 is amphicheiral.
Next, we give some sample computations of the factorization (3). In this and the next sections, more data has been computed (even for non-prime levels k), but only a sample will be presented here. Throughout this section, ℘ n will denote a prime in O F k of norm n, a prime power. For k = 2 we have
For k = 4 and ζ = ζ 4 we have
For k = 5 and ζ = ζ 5 we have
For k = 7 and ζ = ζ 7 we have
For k = 8 and ζ = ζ 8 we have
For k = 10 and ζ = ζ 10 we have (345790552203898α + 345790552203898)ζ+ 260826355539896α + 84964196664002
Some 2 and 3-loop invariants are shown next. The (mirror image of) the (−2, 3, 7) pretzel knot is a hyperbolic knot same volume and trace field as the 5 2 knot. In fact, the complements of the two knots can be obtained from the same triple of ideal tetrahedra with two different face pairing rules. So, we will use α and F as in Section 6.2. The 1-loop invariant at k = 1 and its norm is given by
The norm of the 1-loop of the 5 2 and (−2, 3, 7) pretzel knots at level k is given in (61) and (62) respectively. Next, we give some sample computations of the factorization (3). For k = 2 we have for 5 2 ε 2 = −α 2 + α β 3 = ℘ 11
and for (−2, 3, 7), respectively:
For k = 3 and ζ = ζ 3 we have for 5 2 ε 3 = (−4α 2 + 2α + 4)ζ − 4α 2 − α + 1
For k = 4 and ζ = ζ 4 we have for 5 2 ε 4 = −2αζ − 2α 2 + α + 1
For k = 5 and ζ = ζ 5 we have for 5 2
and for (−2, 3, 7), respectively: F 6 1 is of type [0, 2] with discriminant 257, a prime. We chose to give the data for this knot because the Bloch group of its trace field is a finitely generated abelian group of rank 2. The 1-loop invariant at k = 1 and its norm is given by (63) knot τ 
